The aim of the current work is the research of the influence of the tilted magnetic field direction on statistical properties of energy levels of a two-dimensional (2D) hydrogen atom and of an exciton in GaAs/Al0.33Ga0.67As quantum well. It was discovered that the quantum chaos (QC) is initiated with an increasing angle α between the magnetic field direction and the normal to the atomic plane. QC is characterized by the repulsion of levels leading to the eliminating of the shell structure and by changing the spectrum statistical properties. The evolution of the spatial distribution of the square of the absolute value of the wave function at an increasing angle α was described. The differences of calculated dependencies of energies for various excited states on the tilt angle at a wide range of the magnetic field strength were obtained.
I. INTRODUCTION
Two-dimensional (2D) hydrogen atom, besides being interesting as a purely theoretical model [1] [2] [3] , was also applied to describe the effect of charged impurity in 2D systems [4] [5] [6] and effective interaction in the exciton electron-hole pair (magnetoexciton), the motion of which is limited by the plane, in semiconductor 2D heterostructures [7, 8] .
Quantum chaos in the hydrogen atom in a magnetic field was investigated mostly for the three-dimensional (3D) case. A number of recent studies (e.g., [9-12]) showed, that the dynamics of classical 3D hydrogen atom model is gradually changing from the regular to the chaotic behaviour at increasing strength of the external magnetic field. The manifestation of the quantum chaos, that occurs in the 3D hydrogen in a magnetic field, such as the change of spectrum statistical characteristics [13] was established in theoretical works [14, 15] . In the paper [16] the hydrogen atom was investigated for a particular case of confinement in a 2D parabolic quantum wire approximated by an additional oscillator potential along one of axises for a magnetic field directed only along the normal to the atomic plane.
In contrast to above-mentioned papers we investigate the statistical properties of the energy levels of 2D hydrogen and of exciton in GaAs/Al 0.33 Ga 0.67 As quantum well in the tilted magnetic field. To describe these systems we consider two particles that are attracting by Coulomb potential (without additional parabolic confinement) and interacting with the external tilted magnetic field. In our paper besides statistical properties we present the * e-cov@yandex.ru † kov.oksana20@gmail.com accurate results of numerical calculations of energies of lowest bound states of 2D hydrogen and of exciton in GaAs/Al 0.33 Ga 0.67 As quantum well for a wide range of magnetic field strength and the tilt angle α. The evolution of the lowest bound states electron density at an increasing angle α is described. This paper includes the formulation of the problem and computational method description, presented in Sec. II. Obtained results for the magnetic field directed along the normal to the atomic plane are described in Sec.III A. Sec.III B includes the obtained results for the tilted magnetic field.
II. FORMULATION OF THE PROBLEM AND COMPUTATIONAL METHOD
This paper is devoted to the investigation of the dynamics of 2D hydrogen atom bound states in a homogeneous external magnetic field B = B sin(α)i + B cos(α)k, tilted to an angle α with respect to the normal to the plane of electron motion. The Hamiltonian of the 2D hydrogen atom in a uniform magnetic field B in the polar coordinates ρ = (ρ, φ) has the form [2] :
where m 1 -mass of proton, m 2 = m e -mass of electron (corresponding mass ratios
m1+m2 -reduced mass of the system; P -total momentum, and p -relative momentum of the system. We used symmetric gauge for the vector-potential
, where ρ -relative coordinate. All values in the article are given in atomic units (a.u.):
= m e = e = 1. Similarly to [2] , we considered a system at rest (P = 0): in this case, the motion of the mass center in (1) is separated from the relative motion. Using the representation of the wave function in the form:
where R -coordinate of the mass center, we will obtain the Hamiltonian of relative motion [2] :
where
In order to find the energy levels E and eigenfunctions Ψ (ρ, φ) of the Schrödinger equation
we use the modification of the discrete variable representation method [17] to reduce the problem to a system of coupled differential equations. To represent the wave function on a uniform grid φ j = 2πj 2M+1 (where j = 0, 1, ..., 2M ) by the angular variable φ, we employ eigenfunctions
of the operator h (0) (φ) ≡ 
where ξ
is the inverse matrix to the square matrix (2M + 1) × (2M + 1) ξ jm = ξ m (φ j ) determined on the difference grid by the angular variable. The radial functions ψ j (ρ) are determined by the values of the wave function on the difference grid φ j :
The Schrödinger equation (6) in the representation (8) is transformed into a system of 2M + 1 coupled differential equations of the second order:
where the potential matrix has the form:
and the non-diagonal matrix of the operators h (0) and h (1) ≡ L z are determined by the following ratios:
The boundary conditions for the radial functions ψ j (ρ) are determined by the finiteness of the wave function at
and by its decreasing at infinity:
To solve the eigenvalue problem (10), (14), (15), the nonuniform grid of the radial variable ρ:
For discretization we used a finite-difference approximation of the sixth-order accuracy. The eigenvalues of the obtained Hamiltonian matrix are numerically determined by the method of shifted inverse iterations. The algebraic problem arising at each iteration is solved by matrix modification of the sweep algorithm [21] for the block-diagonal matrix.
The applied in this paper numerical method was successfully verified in our work [19] , which results are in good agreement with the results of other authors [1, 2] . The calculated ground state of the exciton in GaAs/Al 0.33 Ga 0.67 As 2D quantum well for B = 2 T is equal to −18, 03467 meV [19] and fully consist with experimental value of the Ref. [24] .
III. RESULTS AND DISCUSSION
A. Magnetic field directed along the normal to the atomic plane
In the case of magnetic field directed along the normal to the atomic plane (α = 0
• ) the Hamiltonian (3) has axial symmetry. It leads to the level clusterization revealed in the calculated spectrum and illustrated in Fig. 1(a) for different magnetic field strength (from 0.5 to 5 a.u.).
For B ≥ 0.5 a.u. (α = 0 • ) we observe the atomic level shell structure (see Fig. 1(a) ), which is formed due to the equidistant spectrum of the quadratic over the magnetic field intensity "oscillator" term (5) of effective potential V ef f .
In order to study behaviour of the system the nearestneighbor spacing distribution (NNSD) P (dE) were obtained from the calculated 2D hydrogen spectrum at B = 0.5 a.u., where spacings are defined by dE = E j+1 − E j . NNSD shown in Fig. 2(a) is in good agreement with Poisson distribution
indicating the dominance of the regular motion [13] and level clusterization (the distribution function is maximal for small spacings). NNSD slightly increases at dE ≈ ω L , where ω L ≡ 1 2 B is the Larmor frequency, that occurs due to the influence of equidistant oscillator (4) spectrum and rather strong considered magnetic fields.
The sizes of the level clusters determined from calculated spectra for B > 10 3 a.u. correspond well to the analytical estimation of the Landau cluster size in strong magnetic fields of Ref. [22] .
B. Tilted magnetic fields
In order to investigate the influence of the magnetic field direction on the spectrum of the 2D hydrogen atom we calculate the dependence of the energy of the excited states on the tilted magnetic field strength at different tilt angles α in contrast to Refs. [1, 2, 22] , where the system properties were studied in the magnetic field directed perpendicular to the plane of electron motion.
The absolute values of the energies of the first three excited states numerically calculated in the present work for different strengths and tilt angles of the magnetic field are given in Tables I-III . It is demonstrated in Tables I-III that the energy of low-lying excited states with an α increase changes non-linearly by 1.8 times for the first and 4.2 times for the third excited states. Fig. 1 presents the calculated spectra of the 2D hydrogen atom at different strengths of the magnetic field: perpendicular to the atomic plane (a), tilted to an angle α = 9
• with respect to the normal to the atomic plane (b), at different angles α and B = 0.5 a.u. (c). Ground state in Fig. 1 is indicated by green colour. Fig. 3 shows the energy dependencies of the first (solid line) and the second (dashed line) excited states of the 2D hydrogen atom on the tilt angle α at different strength of the magnetic field B = 0.5, 2.5 and 5.0 a.u. Analysing Fig. 3 one can note that the increase of the magnetic field strength leads to change of the character of the energy dependence of the first excited state (solid line) on the tilt angle α. At B < 3 a.u. energy dependence is rising while at B = 5 a.u. it turns to non-linear decrease. In the same time the energy dependence of the second excited state always has a maximum in this range of fields.
At small angles (α ≤ 10 • ), the excited levels split conserving shell structure and Poissonian-like NNSD, which is illustrated in Fig. 1(b) and Fig. 2(b) .
At further α increasing (e.g. α ≥ 27 • in Fig. 2(c,d,e) ) the occurrence of quantum chaos was found, induced by a magnetic field tilting and activation of the anisotropic part of the potential (5). It is manifested by the repulsion of adjacent levels [20] . Such energy spectrum behaviour is proved by typical decrease of NNSD for small spacings (see Fig. 2(c,d,e) ). Changes in the energy spectrum are accompanied by a corresponding change of NNSD, which is shown in Fig. 2(c,d,e) , it also illustrates a good agreement between NNSD and typical for quantum chaos regime Wigner distribution [12, 13] :
Analyzing Fig. 1(c) it should be noted that with increasing anisotropy (by increasing the angle α to 90
• ) the shell structure, typical for the spectrum of the isotropic case, is eliminated, that is related to the splitting of degenerated excited states of the system in the case, when the magnetic field is directed along the normal to the plane of electron motion. The degeneracy due to the axial symmetry occurs as in the Landau states (in the absence of the Coulomb interaction) [22] , as in 2D hydrogen atom (in the absence of the magnetic field).
Spatial distributions (SD) of the square of wave function absolute value of the first three excited states significantly transform with the increase of the tilt angle α. Due to the anisotropy of the interaction, the projection L z of angular momentum on the Z axis is not conserved and a preferential direction appears along the projection of the magnetic field on the atomic plane (coinciding with the X axis in the chosen coordinate system). Abovementioned SD elongate along the X axis with its simultaneous compression along the Y axis, which is strengthened with α → 90
• . It should be noted that for the critical case of α = 90
• , when the magnetic field lies in the atomic plane B z = 0, the oscillator term (3) along the X axis disappears and potential does not lead to the formation of bound states in the positive region of the spectrum. Thus, at α = 90
• energy levels of excited states, rising with an increase of the magnetic field strength, cease to exist at a certain critical (for them) value of the magnetic field.
In order to consider real physical system such as 2D exciton in GaAs/Al 0.33 Ga 0.67 As we need to change the particles masses to effective masses of electron m * e = 0.067m e and heavy hole m h = 0.18m e [23] , and to add 1/ǫ factor (ǫ = 12.1 -dielectric constant) to Coulomb term. Thus, the Hamiltonian (3) for 2D exciton reads We analysed NNSDs for exciton in GaAs/Al 0.33 Ga 0.67 As, which were obtained from the calculated spectrum of energy for different tilt angles and magnetic field strength, and their behaviour is similar to the one of the 2D hydrogen atom. The effect of quantum chaos initiation with the tilt angle α increasing was revealed for exciton in GaAs/Al 0.33 Ga 0.67 As.
Quantitative differences of 2D hydrogen and exciton energy spectra emerge due to the dielectric constant in Coulomb term and another masses (effective electron and heavy hole masses) of the system particles in the Hamiltonian (3) (e.g. see Ref. [23] ).
IV. CONCLUSION
The characteristics of the excited states of 2D hydrogen atom and exciton in GaAs/Al 0.33 Ga 0.67 As were investigated in a wide range of magnetic field strength. In the case of the magnetic field directed perpendicular to the atomic plane, level clustering and shell structure in the spectrum are observed. The shell structure at α = 0
• is formed due to equidistant spectrum of a quadratic over magnetic field strength "oscillator" term of the effective potential of interaction. Calculated at α = 0
• NNSD reproduce Poisson distribution associated with regular dynamics of the system. For small tilt angles α the system retains regular behaviour with the splitting of the excited levels due to the anisotropy of the interaction. With the increase of the tilt angle α quantum chaos appears in the system, confirmed by the change of NNSD type from the Poisson distribution to the Wigner one. The evolution of the spatial distributions of the square of the wave function absolute value with increasing tilt angle α was demonstrated. We discovered the differences of the calculated energy dependencies for different excited states on the angle α in a wide range of the magnetic field strength.
Increasing tilt of the magnetic field direction leads to the complete change of the spectrum of the exciton in GaAs/Al 0.33 Ga 0.67 As. Thus, by changing external magnetic field direction the properties of the semiconductors exciton and impurity absorption spectra can be controlled. • for principal quantum number n = 1 (a), n = 2 (b), n = 3 (c); at α = 27
• for n = 1 (d), n = 2 (e), n = 3 (f ); at α = 54
• for n = 1 (g), n = 2 (h), n = 3 (i); at α = 81
• for n = 1 (j), n = 2 (k), n = 3 (l). Darks blue regions correspond to low and bright blue ones to high densities. Note that X scales are different from Y ones. 
